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Abstract: Conversion efficiency and unit vibration are two important indexes in evaluating the 
stability of hydraulic generating systems (HGSs). Most of related studies have been carried out in 
the deterministic theory framework. As running times of HGS increased, understanding uncertainties 
and limitations of model parameters are important for accurate modeling and stability evaluation. In 
this study, first, we establish an integrated model of a HGS by proposing unbalanced hydraulic 
forces based on the Kutta-Zhoukowski assumption. Second, global sensitivity and parametric 
interactions for conversion efficiency and unit vibration are investigated based on this model. Finally, 
the novel unified model is verified with two conventional models. This integrated and accurate 
mathematical model is a major advance in the diagnosis and prediction of failures in hydropower 
operation. 
Keywords: hydraulic generating systems; parametric uncertainty; global sensitivity; conversion 
efficiency; unit vibration; 
1. Introduction 
In the next 30 years, global hydropower capacity will be doubled roughly from the current 1 billion 
kW to 2 billion kW [1, 2]. The ongoing challenge with increasing number of hydropower stations is 
stability evaluation of HGSs. Conversion efficiency and unit vibration are two important indexes in 
evaluating the stability of a HGS. Historically, stability modeling has been split in two directions 
(see Fig. 1), focusing on the hydro-turbine governing systems (HTGSs) [3] and the shaft systems of 
hydro-turbine generator units (SSHTGs) [4]. 
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Fig. 1 The two important research directions of the hydraulic generating system. e.g. (a) the hydro-turbine 
governing system (HTGS); and (b) the shaft systems of hydro-turbine generator units (SSHTG). The two structure 
show that HTGS models are designed to provide reliable services to the grid by controlling the turbine speed, but 
ignore shaft axis vibration; conversely, SSHTG modeling attempts to control vibrations rather than speed. Block of 
 means that the two direction models can be unified by some common factors in the SSHTG. Variables Q, H, y, f, 
and PG refer to the turbine flow, the head water, the guide vane opening, the rotational frequency, and the generator 
magnetic power, respectively.  
The HTGS consists of penstocks, hydro-turbines, governors, generators, and surge tanks. The 
configurations of subsystems are various for each hydropower station. Since most of the differences 
come from penstocks and generators, we sum up the impacts of these two subsystems on dynamic 
characteristics of HTGS in Tab. 1 and Tab. 2. The HTGS models that have been recently developed 
provide new theories to design controller using high dimensional equations. Sarasua et al. proposed 
two governor tuning criteria for a long penstock pumped-storage plant [5]. Li et al. introduced 
Hamiltonian theory to investigate transient stability of a HGS [6]. Riasi et al made sensitivity 
analysis of transient flow and numerical analysis of the hydraulic transient response [7, 8].  
The SSHTG is usually simplified as the generator rotor, generator shaft, turbine runner, and turbine 
shaft. The SSHTG models are established based on the forces, which usually include oil film forces 
[4], asymmetric magnetic pull forces [23], and damping forces [24]. The main target of SSHTG 
models was studied to improve the modeling accuracy. Xu et al. proposed a fractional order model 
that broadens ranges of amplitude responses by tuning the value of the fractional order [23]. Zeng et 
al. integrated the SSHTG into the framework of the generalized Hamiltonian system to investigate 
its vibration characteristics [19]. 
For the HTGS models, they concern with structures of hydropower stations and ignore dynamic 
forces acting on the SSHTG. By the way, such SSHTG models involved with the forces and neglect 
structures of penstocks. They also independently studied the stability for each subsystem. Also, they 
assumed that parameters were deterministic. In real power stations, some parameters of HTGS and 
SSHTG are not precisely known or cannot be measured, of which the uncertainties make a 
difference in efficiency and vibration. 
Motivated by the above discussions, first, we propose expressions of unbalanced hydraulic forces on 
the unit shafting to model hydraulic generating system. We consider both the structures and the 
forces to make the model. Second, we investigate whole sensitivity and uncertainty of parameters 
regarding for conversion efficiency and unit vibration. Third, we verify the model with two 
proposed conventional models. 
Tab. 1 Penstock models for HTGS. 
Penstock simulation Advantages Drawbacks 
Rigid model [9, 10] Simple calculation and sufficient accuracy. 
Modeling inaccuracy when length of 
penstock L> 200 m 
First order elastic Modeling accuracy relates to any length of the First oscillation modes between hydraulic 
model [11-13] penstock. system and mechanic system are ignored 
Second order elastic 
model [14] 
Second oscillation modes of 
hydro-mechanic-electric factors are reflected. 
Complex calculation process 
Third order elastic 
model [15] 
Higher oscillation modes of coupling factors 
are reflected. 
Complex calculation process 
Tab. 2 generator models for HTGS. 
Generator simulation Advantages Drawbacks 
First-order model [19, 
20] 
Simple calculation 
Modeling inaccuracy, especially in the transient 
process. 
Second-order model 
[10, 15, 21] 
Consider the electromagnetic 
reaction of Q axis 
Transient electric potential remains unchanged. 
Third-order model [12, 
22-24] 
Modeling accuracy relate to 
stable operation 
Ignoring the electromagnetic reaction of the 
equivalent D axis and the Q axis 
Fifth-order model [25] 
Modeling accuracy in transient 
process 
Complex calculation process 
This paper is structured as follows. We present an HGS model in Section 2. In Section 3, we analyze 
the parameters in the model. In Section 4, we investigate the sensitivity and uncertainty analysis of 
the parameters for conversion efficiency and unit vibration and explain the HGS model in the 
uncertainty theory framework. Finally, conclusions are given in Section 5.  
2. Model of HGS 
2.1 Turbine runner modeling 
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Fig. 2 Hydraulic forces acting on the blade of the turbine runner. Variables г, W, n and P are the average circulation 
of the blade, the relative velocity around the blade, the generator speed, and the pressure in passageway between 
the two blades. Symbols “ ” and “ ” indicate that the pressure at the side of “ ” is larger than that of the side of 
“ ”. 
The lift force of flowing water acting on a runner blade is [25] 
ma aR W  ,         (1) 
where  is the average value of the relative velocity around the blade;  is the average 
circulation. Hydraulic forces acting on the blade of the turbine runner see Fig. 2. Under 
Kutta-Joukowski condition, the joint force of the blade is [25] 
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where   is the liquid weight around the runner blade; yC  is the lift coefficient of the runner blade; 
xC  is the resistance coefficient of runner blade, arctan
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4a); m  is the angle between the average relative velocity (Wm) and convected velocity (U) (see 
Fig. 4c); 
When the Reynolds number changes in the interval (104, 106), the resistance coefficient Cx and the 
radio  	are expressed as [26] 
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The velocity at point 1 or 2 (see Fig. 3a) is reduced to the relative velocity expressed by symbol W, 
the convected velocity represented by U, and the absolute velocity of V.  is the angle between 
the relative velocity W and the velocity U.  is the angle between the absolute velocity V and the 
velocity U. Subscript 1 refers to the velocities at the runner inlet, and the subscript 2 refers to the 
velocities at the runner outlet. 
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(a) Velocity triangle of the turbine runner.  (b) Unbalanced hydraulic forces of blades 1 and 13.  (c) Velocity 
triangle of the blade. 
Fig. 3 Francis turbine runner and the velocity triangle of the blade. Variables U, V, and W are the convected 
velocity, absolute velocity, and relative velocity for the blade at the inlet, respectively; β is the angle between W 
and U; α is the angle between V and U; Subscripts 1 and 2 refer to the runner inlet and outlet points. Pm1 and Pm13 
are both the unbalanced hydraulic forces of a pair of runner blades (Number 1 and 13); α1 and α13 are the position 
angles of blades 1 and 13, respectively; βm is the angle between the average relative velocity (Wm) and convected 
velocity (U); Wm is the average relative velocity of the turbine runner. 
The relative flow velocity at the inlet is [26]  
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where Q is the hydro-turbine flow; s1 is the excretion coefficient at point 1; b0 is the height of the 
blade; β1 is the angle between W1 and U1 (see Fig. 3a). D1 is the diameter of the hydro-turbine 
runner at the inlet. From Fig. 3c, the relative flow velocity at the outlet is 
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Let us define the direction of the convected velocity as the x-axis (see Fig. 3c). Then, the coordinates 
of the velocity W1, W2, and Wm are (W1cosβ1, W1sinβ1), (W2cosβ2, W2sinβ2), and (W1cosβ1+W2cosβ2, 
W1sinβ1+W2sinβ2), respectively. Hence, the absolute value of Wm is 
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The angle between the velocity Wm and the convected velocity is 
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With Eq. (6) and Eq. (7), Eq. (2) is detailed as 
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If the initial angle of the blade is α0, then the position angle of the blade at time t is 
0 t    .          (9) 
The component forces of Pm in the X-direction and Y-direction are 
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Theoretically, the water flowing in the turbine runner is the axisymmetric spatial flow. In actual 
situations, there are radial asymmetry forces relative to the center of turbine runner due to the 
manufacturing deviations of the blades at the outlet edges. For example, assuming a pair of runner 
blades (numbered 1 and 13) exists the manufacturing deviation.  
Let us define the relative velocity at the outlet edge as W21, and define the angle between the relative 
velocity and the circumferential direction of blade 1 as β21 (see Fig. 3c). Also, let us define the 
relative velocity for another blade is W22, and define the angle between the relative velocity and the 
circumferential direction of convected velocity for the blade is β22 (see Fig. 3c). Let us define the 
angle between the velocity W21 and the convected velocity as βm1. In light of Eqs. (1-10), the 
expression of βm1 is 
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Similarly, if we define the angle between the velocity W22 and the convected velocity for other 
blades as βm2, then we can derive as 
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In light of the above analysis, the unbalanced hydraulic forces (see Fig. 3(b)) are 
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From ref. [25], the torque of the hydraulic turbine is  
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where Z is the blade number. The torque of the hydraulic turbine caused by the unbalanced hydraulic 
forces is rewritten as 
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(15) 
Hence, the torque of the hydraulic turbine is  
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The basic equation of the generator speed is [9] 
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where me is the electromagnetic moment; Tab is the inertia time constant of the generator; At is the 
turbine gain; ht is the water head of hydro-turbine; qt is the hydro-turbine flow; qnl is the 
hydro-turbine flow at the no-load condition; Dt is the damping coefficient of generator; ω is the 
generator speed. mt1 is the hydro-turbine torque, which is proposed by IEEE Group in 1992 and then 
widely used in modeling the hydro-turbine governing system. In this manuscript, the torque mt1 is 
replaced by Eq. (16). Hence, the generator speed is further detailed as  
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2.2. Model of SSHTG 
The SSHTG is divided into four parts, namely the generator rotor, the generator shaft, the turbine 
runner and the turbine shaft as shown in Fig. 4. Symbols m1 and m2 are respectively defined as the 
quality of the generator rotor and the turbine runner. Symbols O1 and O2 are respectively defined as 
the centroid of the generator rotor and the turbine runner. Symbol α is defined as the misalignment 
angle of the generator shaft and the turbine shaft. Symbol d is the misalignment distance of the 
generator shaft and the turbine shaft. Symbols k1 and k2 represent the bearing stiffness of the 
generator rotor and the turbine runner.  
 
Fig. 4 The shaft system of a hydro-turbine generator unit 
Tab. 3 Forces acting on different parts of the shaft system of a hydro-turbine generator unit 
Number Part 
Rub 
impact 
Oil-film 
force 
Damping 
force 
Asymmetric 
magnetic pull 
Unbalanced 
hydraulic forces 
1 Bearing  √    
2 Rotor √  √ √  
3 Rotor shaft  √    
4 Turbine shaft  √    
5 Turbine runner   √  √ 
 As summarized in Tab. 3, five forces are acting on the parts of the SSHTG. We evaluate these 
forces as the following: 
1) The rub-impact forces [23, 28]: Because of the low speed and great mass of the SSHTG, it is 
regarded that the system remains rigid during the collision. Hence, the bilinear stiffness model is 
adopted here.  
2) The nonlinear film-oil forces [24, 29]: The pressure acting on the axle diameter is obtained 
by solving the Reynolds equation.  
 3) The symmetric magnetic pull [30]: The analytical expression of the asymmetric magnetic 
pull is obtained by expanding the air gap permeance into Fourier series. 
 4) The unbalanced hydraulic forces [25]: We use Eq. (13). It is notable that the other SSHTG 
models treated such forces. 
In this manuscript, we adopted the basic system model in ref. [23]. Taking into account the forces 
acting on the parts (Equation description see Appendix), by combing all equations into a matrix form, 
we obtain the dynamic equations of the SSHTG as 
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where x and y are the derivation of the generator rotor in x-axis and y-axis; m1 and m2 are the mass 
of the generator rotor and the turbine runner, respectively; k1 and k2 are the bearing stiffness of the 
generator rotor and the turbine runner, respectively. c is the damping coefficient; e1 and e2 are the 
mass eccentricity of the generator rotor and turbine runner; ω is the generator speed; θ and φ are the 
position angle of turbine runner and the generator rotor; r is the distance between the center of 
generator rotor and hydro-turbine runner. Fx-ump and Fy-ump (Equations see Appendix) are the 
symmetric magnetic pull forces in x-axis and y-axis, respectively; Fx and Fy (Equations see 
Appendix) are the film-oil forces; Fx-rub and Fy-rub (Equations see Appendix) are the rub-impact 
forces; Px and Py are the unbalanced hydraulic forces. Detailed calculation process of this model is 
obtained from ref. [23]. 
2.3 Penstock modeling 
The unsteady flow in a pressure penstock is expressed by the following partial differential equation 
[31]: 
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From Eq. (20), the relative deviation of water head in the penstock caused by the change of flow is 
derived as: 
 0 0tanhqh Z q T s          (21) 
where Z0 is the normalized value of hydraulic surge impedance of the penstock, or  0 /r t g rZ Q A H  . 
α is water hammer speed. Qr is the rated turbine flow. Hr is the rated turbine head. At is the sectional 
area of the penstock. αg is the acceleration of gravity. q is the relative flow in the penstock. T0 is the 
elastic time constant of the penstock, T0=L/α. L is the length of the penstock. 
According to Laplace transform theorem, the hydraulic turbine flow is written as: 
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The conversion efficiency of the hydro-turbine is 
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The first-order of Eq. (23) is rewritten as: 
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where ns is the specific speed of the hydraulic turbine. ω is the angular velocity or ω=ωmBx. By 
combing all equations into a matrix form, we obtain the dynamic equations of the HGS as 
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2.4 Uncertainty analysis method 
Uncertainty analysis is an effective method to quantize the parametric uncertainty on the system 
outputs. Indices Si and STi are the quantitative indicators from the Extended Fourier Amplitude 
Sensitivity Text (EFAST) [32, 33]. The corresponding two symbols indicate the single contribution 
of parameters to the output uncertainty and the interaction effect of multi-parameters on the output 
uncertainty. Specific calculation process of the two symbols is briefly presented as follows. 
Firstly, a suitable search function Gi is defined to transform the system model Y=f(x1, x2, ..., xn) to the 
type of y=f(s): 
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where i is the parameter number, i∈(1, n); {ω} is defined as the frequency of the integer; Pi is the 
probability density function of the uncertain parameter xi. The system model y=f(s) is expressed 
using Fourier transform method as: 
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sampling number. Fourier series spectrum curve based on Eq. (2) is  
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The variance of uncertainty output caused by parameter xi is 
1
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i
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The total variance of uncertainty output is  
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where Vij is the variance of parameter xi affected by xj; Vijm is the variance of parameter xi affected 
by the coupling of xj and xm. V12…n is variance of parameter xi affected by the coupling of x1, x2, 
x3,…, and xn. 
In light of the above analysis, the main effect Si is  
i
i
V
S
V
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The total effect STi is 
i
Ti
V V
S
V
 .          (25) 
where V-i does not include the sum of variance regarding xi. 
3. Parametric Uncertainty 
The model of the turbine runner is a link between the penstock model and SSHTG model. Since 
uncertainty in runner model parameters is not taken into account, it is expected that there would 
exist some inaccuracy when the runner blade and the flowing water interrelate in operation. Based 
on the proposed model of Eq. (25), we choose six critical parameters from the turbine runner model: 
the relative height of the guide vane (xx=b0/D1), the diameter ratio (pp=D2/D1), the angle (b2= 21 ), 
the excretion coefficient (s1), the manufacturing angle error of the symmetrical blades (b= 22 21  ), 
and the lift coefficient (Cy). Also, the gross water head (h0) and the excitation current (ij) are selected 
to perform the following studies. 
Uncertainty also exists in the models of the penstock and SSHTG. For example, the gross water 
head (h0) in the penstock model is essentially changing because of the uncertain difference of the 
incoming flow and out-coming flow corresponding to the reservoir; the excitation current (ij) in the 
SSHTG changes with the fluctuation of the electricity load in a narrow range. Hence, the gross water 
head (h0) and the excitation current (ij) are also selected to perform the following studies. 
Considering parameter xx, from Ref. [38], its value changes in the interval [0.12, 0.315]. Here, the 
reference value of parameter xx is attempted to be multiplied by a random factor with a probability 
law centered on 0.25, which is shown in Fig. 6(a). About parameter pp, the different type 
corresponds to a different diameter ratio. In this study, we mainly investigate the Francis turbine 
runner operating at middle or high water head. Hence, its value is always less than 1. Its distribution 
is assumed similar with parameter xx, as shown in Fig. 6(b). For parameter ij, its impact in different 
intervals has been investigated by many researchers [24, 29]. Here, the reference value is attempted 
to be multiplied by a random factor with a probability law centered on 750 (unit A), which is shown 
in Fig. 6(c). This interval is widely acceptable by most hydropower stations. From Ref. [34] and the 
interval of parameter xx, the reference value of parameter β21 is attempted to be multiplied by a 
random factor with a probability law centered on 0.65, and its distribution law is shown in Fig. 6(d). 
Similarly, the distributions of parameters s1, b, Cy and h0 are respectively shown in Figs. 6(e)-6(i). 
    
(a) the relative height of the guide vane xx.           (b) the diameter ratio pp. 
    
(c) the excitation current (ij).            (d) the angle (b2= 21 ). 
    
      (e) the excretion coefficient (s1).       (f) the manufacturing angle error (b= 22 21  ). 
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(h) the lift coefficient (Cy).    (i) the gross water head (h0). 
Fig. 6 Probability density functions and samplings of the eight uncertain parameters. 
4. Simulation results 
4.1 Uncertainty outputs 
Combining the models of the turbine runner, the SSHTG, and the penstock, the mathematical model 
of HGS is established considering parametric uncertainty. As we all know, there is a close 
correspondence between the conversion efficiency and the unit vibration. Hence, it is very important 
to understand their relationship by the probability distributions under the impact of the uncertain 
parameters. Here, calculate ten thousand times to the model to obtain the probability density 
function of the conversion efficiency and the cumulative density function of axis offsets, which are 
shown in Fig. 7. 
 20.786
0.212
1
0.106 2
x
y e

 

 
(a) Probability density function of conversion efficiency. 
 (b) The cumulative density function of axis offset in X-direction. 
 
(c) The cumulative density function (CDF) of axis offset in Y-direction. 
Fig. 7 Uncertainty outputs of conversion efficiency and unit vibration. 
From Fig. 7(a), the uncertainty distribution of the conversion efficiency approximately matches the 
normal distribution. The average value is 0.786, and the standard deviation is 0.106. The highest 
frequency interval is [0.7, 0.82]. In the viewpoint of engineering, the conversion efficiency of the 
generating system operating in the interval [0.7, 0.82] has the maximum probability, and stability 
with standard deviation 0.106 is sufficiently reliable. 
From Figs. 7(b, c), the uncertainty outputs of the axis offset in x-axis and y-axis approximately 
match stable distribution. Specifically, the derivation of x in the interval (20μm, 1000μm) shows a 
high probability, and the derivation of y in the interval (90μm, 4000μm) is likely to happen. From 
GB/T 8564-2003 of Technical code for installation of hydraulic turbines in China, the limited value 
of the axis offset in x-axis and y-axis should not exceed 300μm. Obviously, the outputs of x and y to 
the eight uncertain parameters in some intervals are basically meet the standard requirements of 
hydropower stations.  
In light of the above analysis, the definitions of intervals of the eight parameters are reasonable. In 
the next section, we present how the uncertain parameter impacts on unit vibration and conversion 
efficiency. In addition, the other parameters in Eq. (25) can be obtained from Tab. 3. 
Tab. 3 Specification of the hydropower station for simulation. 
Component Parameter Symbol Value Unit 
Penstock Material: Steel 
 Length L 216 m 
 Diameter DL 5 m 
Hydro-turbine Type: HLD294-LJ-178 
 Maximum head Hmax 113.5 m 
 Rated head Hrated 103 m 
 Rated power Prated 29000 Kw 
 Rated speed nrated 428.6 r/min 
 Rated flow Qrated 32.86 m3/s 
 Zero load flow Qnl 4.5 m3/s 
 Guide vane opening Ymax 205 mm 
 Zero load guide vane opening Ynl 21% -- 
 the mass of the hydro-turbine runner m2 1.1×104 kg 
 the damping coefficient c 6.5×104 N·s/m 
 the bearing stiffness of the runner k2 6.5×10-7 N/m 
 the eccentric mass of the runner e2 0.0005 m 
 the initial phase θ0 0.8 rad/s 
 moment of inertia for the runner J2 3.5×106 kg·m2 
 command signal s 10-5 -- 
Generator Type: FS29-14/4000 
 Active power Pe-rated 29 MW 
 Direct axis synchronous reactance Xd 0.9736 Ω 
 Direct axis transient reactance Xd’ 0.2836 Ω 
 Quadrature synchronous axis reactance Xq 0.6169 Ω 
 Quadrature transient axis reactance Xq’ 0.6169 Ω 
 Rated terminal voltage US-rated 6.3 kV 
 Damping factor Dt 5 -- 
 Transient time constant of axis Td0 5.4 s 
 Mass of the rotor for the generator m1 1.5×104 kg 
 the bearing stiffness of the rotor k1 8.5×10-7 N·s/m 
 the eccentric mass of the rotor e1 0.0005 m 
 moment of inertia for the rotor J1 7.9×106 kg·m2 
Governor Type: CVT-80-4 (PID) 
 Permanent speed droop bp 0~10% -- 
 proportional gain kp 0.5~20 s 
 integral gain ki 0.05~10 s 
 differential gain kd 0~5 s 
4.2 Global sensitivity analysis 
The uncertain outputs presented above make the conclusions sensitive to uncertainties regarding the 
conversion efficiency and unit vibration. Also, the generator speed is a key parameter that directly 
affects the connected stability of the generator linking to the electric power system. Hence, in the 
following, the global sensitivities of the eight uncertain parameters to the conversion efficiency, unit 
vibration and generator speed are analyzed. 
Currently, there is so far no unified standard for sensitivity index. Here, a standard for sensitivity 
analysis proposed by EDJONGFE is adopted. From the standard requirement, the parameter is 
sensitive to the outputs when Si>0.05, STi>0.1. Using Monte Carlo method [35, 36] and EFAST, the 
first order and total order sensitivity analysis results of HGS with eight uncertain random parameters 
are presented in Fig. 8. 
 
(a) Sensitivity analysis results of the conversion efficiency. 
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 (b) Sensitivity analysis results of axis offset in the x-axis. 
 
(c) Sensitivity analysis results of axis offset in the y-axis. 
 
(d) Sensitivity analysis results of the generator speed. 
Fig. 8 First order and total order sensitivity analysis results of the hydraulic generating system with eight uncertain 
random parameters. 
From Fig. 8(a), for the conversion efficiency, there are three parameters of which the first order 
sensitivity and the total order sensitivity exceed the standard requirement, namely the relative height 
of the guide vane (xx), the diameter ratio (pp), and the gross water head (h0). Specifically, values of 
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Si and STi to parameters xx, pp and h0 are respectively (0.285, 0.0728), (0.333, 0.091) and (0.155, 
0.063), which are obviously greater than that of other parameters. In other words, the impact of 
parameters xx, pp and h0 on the conversion efficiency is enormous and could be used to improve the 
modeling accuracy of a HGS.  
Regarding the unit vibration, the values of the first order sensitivity and the total order sensitivity are 
both less than the standard requirement (see Figs. 8 (c, d)). Obviously, using the standard proposed 
by EDJONGFE is not appropriate. To obtain the impact degree of eight uncertain parameters on unit 
vibration, the sensitivity values of each parameter and their ranges are present in Tab. 2. 
Tab. 2 Sensitivity values and ranges of uncertain parameters concerning unit vibration. 
Parameter Si Range STi Range 
xx 0.008935 2 0.0268821 2 
pp 0.009294 6 0.0300927 7 
ij 0.009261 5 0.028664 5 
b2 0.009050 4 0.02823019 3 
s1 0.009028 3 0.0283079 4 
b 0.015140 8 0.082501 8 
Cy 0.009449 7 0.029459 6 
H0 0.008550 1 0.0233837 1 
For the generator speed, the parameters of which the first-order sensitivity index is more than 0.5 
include xx, pp, and h0 that are the same as the sensitive parameters of conversion efficiency. 
Summarized the above analysis, first, the conversion efficiency and generator speed have the same 
sensitive parameters, which are xx, pp, and h0. Their ranges to impact degree is pp>xx>h0. Second, 
from the sensitivity analysis of unit vibration, we can conclude the vibration is a comprehensive 
problem. The ranges to impact degree is h0<xx<s1<b2<ij<pp<Cy<b. The ranges to interaction impact 
degree is h0<xx<b2<s1 <ij<Cy<pp<b. 
4.3 Interaction contributions 
The contribution of the first order and interactions of eight parameters to conversion efficiency and 
unit vibration is shown in Fig. 9. The contribution of the first order and interactions of the sum of 
eight parameters to conversion efficiency and unit vibration is shown in Fig. 10. By comparing the 
sensitive parameters of conversion efficiency and unit vibration in Fig. 9, the deciding factors of unit 
vibration are more than that of conversion efficiency. On the other hand, from the calculated results 
of total sensitivity analysis, the interactions of the deciding factors for unit vibration are much 
greater. Obviously, the contribution rate of these uncertain parameters to conversion efficiency and 
unit vibration mainly comes from the direction contribution rate of each parameter, and the 
contribution rate of parameters to interactions is much less. However, the distribution rate of 
interaction to unit vibration is much higher than that of conversion efficiency, which proportion are 
respectively 70%, 30%, 22% and 78%, as shown in Fig. 10. 
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Fig. 9 Contributions of the first order and interactions of eight parameters to conversion efficiency and unit 
vibration. 
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Fig. 10 Contribution of the first order and interactions of the sum of the eight parameters to conversion efficiency 
and unit vibration. 
4.4 Model verification and New Challenges 
The ability of the HGS containing uncertain random parameters to simulate the HTGS’s responses 
and SSHTG’s vibration is performed. Simulations are presented using two conversational models: 
the HTGS’ model published in ref. 9, and the SSHTG’s model presented in ref. 37. Comparisons of 
HTGS’s responses and modal results performed from different models are presented in Figs. 11, 12 
and Tab. 4, respectively. Regarding the SSHTG’s responses, the software of Pro/E is used to 
establish the 3D shafting model, and the element solid95 is adopted for its mesh generation. The grid 
includes 59022 units and 28879 nodes. 
The main difference caused by the interaction effect of SSHTG and HTGS
 
Fig. 11 Comparison of dynamic evolutions with respect to hydro-turbine flow, generator speed, and guide vane 
opening. The three dynamic parameters (q, ω, and y) without words “from HTGS” come from simulation results of 
the model proposed in this study. The three dynamic parameters (q, ω, and y) with words “from HTGS” come from 
simulation results of ref. 9. Symbol “ ” refers to the modeling difference from this paper and ref. 37, which 
indicates that the interaction effect of HTGS and SSHTG changes the responses of q, ω, and y in this part.  
 
(a) Structural model of SSHTG      (b) Campbell diagram 
Fig. 12 Modal analysis results calculated from ANSYS software. This model comes from ref. 37. The software of 
Pro/E is used to establish the 3D shafting model, and the element solid95 is adopted for its mesh generation. The 
grid includes 185699 units and 1023789 nodes.  
 
Table 4 The comparison of the natural frequencies from the unified model and the model of ref. 3. 
Source First-order mode (HZ) Second order mode (HZ) 
The unified model 16.85 20.45 
Ref. (37) 16.62 20.72 
From Fig. 11, the main difference in the transient part is caused by the interaction of HTGS and 
SSHTG. The modeling results of the two models are similar to each other, except for the transient 
part labeled with symbol “ ”. Hence, the proposed model in modeling HTGS’s responses is 
verified. From Fig. 12 and Tab. 4, the natural frequencies calculated from the proposed model 
correspond closely to the frequencies of the FEW model, which verifies the correctness of the model 
proposed in modeling the SSHTG’s responses. Therefore, the model proposed in this study is 
verified 
From the above analysis, two challenges to bring the hydraulic turbine model into uncertainty theory 
framework are proposed. One challenge in modeling the HGS is the uncertainty in hydropower 
stations because of the run seconds or increased run years changing parameters. Monitoring systems 
can capture operation data of HGS, which may or may not be representative of uncertain parameters. 
The other challenge is the increasing model complexity. Both penstock systems and electrical 
systems have interactions. Establishing an integrated model would have the ability to access the 
impact of one system on the other, while the drawbacks are the simulated accuracy in stable 
operation and transient operations, as established in this study. 
5. Conclusions 
A rigorous study on parametric uncertainties in modeling HGS is presented. First, the hydro-turbine 
runner-a key component of the mathematical model is first proposed considering the inlet and outlet 
velocity vectors as well as the unbalanced hydraulic forces based on the Kutta-Zhoukowski 
condition. Second, uncertain outputs of conversion efficiency and unit vibration are investigated, 
and a normal distribution (i.e., average value=0.786, and the standard deviation is 0.106) for 
conversion efficiency is obtained. Third, the global sensitivity method is used to study the impact of 
parametric uncertainties on the conversion efficiency and unit vibration. The results verify that the 
most critical parameters for conversion efficiency are the relative height of the guide vane (xx), the 
diameter ratio (pp) and the gross water head (h0). The evaluation order of importance to unit 
vibration: the gross water head (h0) < the relative height of the guide vane (xx) < the excretion 
coefficient (s1) < the angle (b2) < the excitation current (ij) < the diameter ratio (pp) < the lift 
coefficient (Cy) < the manufacturing angle error of the symmetrical blades (b). Fourth, the new 
model is verified against two conventional models.  
Appendix 
The rub-impact forces: When the vibration amplitude of the rotor exceeds the gap between the 
generator stator and rotor, there will be collision, and we assume that it is elastic collision type. The 
effect of the friction heat is not considered in the collision process, and the stator radial stiffness is 
assumed to be a constant value. Then the rub-impact forces are written as [24] 
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          (1) 
where e is the radial displacement, 2 2e x y  ; δ0 is the initial gap between the generator stator and 
rotor; kr is the radial stiffness of the stator; f is the friction coefficient; Fnf and Ftf are radial and 
tangential components of the rub-impact forces, respectively. The radial component Fnf can be 
further reduced to the rub-impact forces in x-direction and y-direction as:  
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The film-oil forces: The film-oil forces adopt the same expressions used in ref. [23], and the 
expressions are   
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where Fx0 and Fy0 are the oil-film forces at the quiescent operation point. Variables kxx, kxy, kyx, kyy, 
dxx, dyx, dxy, and dyy in Eq. (3) are 
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,      (4) 
where B/d is the width-diameter ratio of the bearing; ε’ is the eccentricity ratio, ε’=e1/C; e1 is the 
eccentricity of the bearing; C is the radial gap of the bearing.  
The symmetric magnetic pull forces:  
We adopted the model of the symmetric magnetic pull forces as [23]:  
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where r is the generator rotor radius, 2 21 1r x y  ; x1 and y1 are coordinates of the generator rotor in 
x-axis and y-axis, respectively; L is the length of the generator rotor. μ0 is the magnetic permeability 
of the air; kj is the coefficient of magneticmotive force for fundamental wave; Ij is the exciting 
current of the generator; Moreover, there are four intermediate variables and no physical meaning, 
which are  
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where δ0 is the initial gap between the generator stator and rotor; ε is eccentricity ratio, ε=r/δ0. 
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